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ON A CLASS OF FULLY NONLINEAR FLOWS IN KA¨HLER
GEOMETRY
HAO FANG, MIJIA LAI, AND XINAN MA
Abstract. In this paper, we study a class of fully nonlinear metric flow on Ka¨hler man-
ifolds, which includes the J-flow as a special case. We provide a sufficient and necessary
condition for the long time convergence of the flow, generalizing the result of Song-
Weinkove. As a consequence, under the given condition, we solved the corresponding
Euler equation, which is fully nonlinear of Monge-Ampe`re type. As an application, we
also discuss a complex Monge-Ampe`re type equation including terms of mixed degrees,
which was first posed by Chen.
1. Introduction
In the study of Ka¨hler geometry, the geometric flow method has been applied exten-
sively to obtain ”optimal” metrics. One classical example is the Ka¨hler-Ricci flow. If the
manifold has negative or vanishing first Chern class, the Ka¨hler-Ricci flow converges to
the Einstein metric, see Cao [C]. Another example is the so-called J-flow. It was intro-
duced by Donaldson [D] in the setting of moment maps and by Chen in [Ch1, Ch2], as
the gradient flow of the J-functional, which appears as a term of the Mabuchi energy.
In [W1], Weinkove settled the question of Donaldson for surfaces. A sufficient class con-
dition for the convergence of the J-flow is derived in [W2]. In [SW], Song and Weinkove
proved a positivity condition to be equivalent to the convergence of the J-flow to a critical
metric; The precise statement of this condition can be found in the discussion after (1.6).
In general, the solution of these geometric flows usually depends on establishing a priori
estimates of parabolic PDEs.
In this paper, we will study a class of fully non-linear geometric flows, which was
motivated by the construction of J-flow.
Let (M,ω) be a closed Ka¨hler manifold of dimension n. Define
(1.1) H+ = {[χ] ∈ H1,1(M), ∃χ ∈ [χ], χ > 0 }.
Let [χ] ∈ H+ and χ0 ∈ [χ] is another Ka¨hler form on M . We define the corresponding
Ka¨hler cone and Ka¨hler potential space with respect to [χ] as
(1.2) K[χ] = {χϕ = χ0 +
√−1
2
∂∂ϕ > 0, ϕ ∈ C∞(M)},
The work of the first-named author is partially supported by NSF grant number DMS 060672. The work
of the third-named author is partially supported by NSFC grant number 10671186, NSF grant number
DMS 0635607 and Zu¨rich Financial Services.
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(1.3) Pχ0 = {ϕ ∈ C∞(M) | χϕ = χ0 +
√−1
2
∂∂ϕ > 0}.
For a fixed integer k ∈ [1, n], and λ = (λ1, · · · , λn) ∈ Rn, the k-th elementary symmetric
polynomial of λ is defined as
σ0(λ) = 1;
σk(λ) =
∑
1≤i1<i2<···<ik≤n
λi1λi2 · · ·λik , k ≥ 1.
When no confusion arises, we also use σk(A) to denote the k-th elementary symmetric
function of eigenvalues of a Hermitian matrix A.
In a local normal coordinate system of M with respect to ω, we have
χ0 =
√−1
2
χ
0ij¯
dzi ∧ dzj¯ , χϕ =
√−1
2
(χ
0ij¯ + ϕij¯)dz
i ∧ dzj¯ .
Following the notation above, we denote
σk(χϕ) =
(
n
k
)
χkϕ ∧ ωn−k
ωn
,
which is just the k-th elementary symmetric polynomial of the eigenvalues of the matrix
(χ
0ij¯ + ϕij¯) with respect to the background metric ω.
We set the volume form on M as dv = ωn/n!. It is clear that
ck = ck,[ω],[χ] =
∫
M χ
n−k
0
∧ ωk∫
M χ
n
0
,
c′k = c
′
k,[ω],[χ] =
(n
k
) ∫
M χ
n−k
0
∧ ωk∫
M χ
n
0
=
∫
M σn−k(χ0) dv∫
M σn(χ0) dv
are topological constants. Now we consider following flow in Pχ0 :
χt = χ0 +
√−1
2
∂∂ϕt,
∂ϕt
∂t
= c′k
1
k − (σn−k(χϕt)
σn(χϕt)
)
1
k ,(1.4)
ϕ0 = 0.
Clearly, the stationary metric of this flow is a Ka¨hler metric χ ∈ K[χ] satisfying:
(1.5) χn−k ∧ ωk = ckχn = (
∫
χn−k
0
∧ ωk∫
χn
0
)χn.
In the case of k = 1, our flow is same as the J-flow. Song-Weinkove [SW] gave a sufficient
and necessary condition for the J-flow to exist and converge to a solution of (1.5).
One of the purposes of this paper is to give a necessary and sufficient condition for the
flow (1.4) to converge to the stationary metric, which we now describe as a cone condition.
For M and ω given as above, we define Ck = Ck(ω) as
(1.6) Ck(ω) = {[χ] ∈ H+, ∃χ′ ∈ [χ], s.t. cknχ′n−1 > (n − k)χ′n−k−1 ∧ ωk}.
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Ck is an affine cone in H+. For k = 1, C1 is first defined in [SW]. It is easy to check
that [χ] ∈ Ck is a necessary condition for the equation (1.5) to be solvable (see Section 2
for more details). The main theorem of this paper is the following
Theorem 1.1. Suppose M , ω and χ0 ∈ [χ] are defined as above. Let 1 ≤ k ≤ n. If
[χ] ∈ Ck(ω), then flow (1.4) has a long time solution, which converges to a smooth metric
satisfying (1.5).
It is worthwhile to point out the case of k = n. Notice that the corresponding equation
is equivalent to
(1.7) χnϕ =
∫
M χ
n
0∫
M Ω
Ω,
where Ω is any given volume form. This was solved by Yau in his celebrated paper [Y].
Also notice that the condition (1.6) becomes trivial in this case; in other words, Cn = H+.
Cao [C] provides a parabolic approach to this equation, using Ricci flow.
Notice that for the k = 1 case, our condition and conclusion are exactly same as the
ones in [SW].
Theorem 1.1 can be viewed as a finite interpolation between results of Yau [Y], Cao [C],
Song-Weinkove [SW]. In fact, our basic approach to prove Threorem 1.1 closely follows
these earlier works. In particular, the idea of establishing partial C0 estimate before C2
and C0 estimates first appears in [W1]. However, new convexity phoneomena shows up
for k 6= 1, n cases.
Theorem 1.1 can be understood from several aspects.
First, Theorem 1.1 can be understood geometrically. One motivation for the construc-
tion of this flow (1.4), as well as an important ingredient of the proof of Theorem 1.1, is
the following functional defined for χφ with φ ∈ Pχ0 and j ≥ 0,
(1.8) Fj(χφ) =
∫ 1
0
∫
M
∂φt
∂t
χjφt ∧ ωn−jdt,
where φt ∈ Pχ0 , t ∈ [0, 1] is a path in connecting χ0 and χφ. Fj is shown to be independent
of the choice of path [ChT]. Furthermore, a functional defined as
(1.9) F˜j,n(χ0 , χφ) = Fj(χφ)− cn−jFn(χφ)
can be viewed as a functional depending only on χ0 , χφ ∈ Kχ.
Notice that for χ
i
∈ [χ], i = 0, 1, 2, we have
F˜j,n(χ0 , χ1) + F˜j,n(χ1 , χ2) = F˜j,n(χ0 , χ2).
Thus, the minimizer of functional F˜j,n(χ0, ·) is independent of the choice χ0 . In fact, this
functional can be realized as quotients of Quillen metrics on the determinant bundles with
certain virtual bundle coefficients, see Tian [T2].
Our flow (1.4) is constructed in such a way that the functional F˜n−k,n(χ0 , χϕt) is de-
creasing along the flow. It is then easy to check that the corresponding minimum metric
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satisfies (1.5). Theorem 1.1 gives an explicit path for the functional F˜n−k,n(χ0 , χ) to ob-
tain its unique minimal, when the cone condition [χ] ∈ Ck is satisfied. Notice that our
flow is not the gradient flow of the corresponding functionals except the case k = 1. In
fact, we modified the functional’s gradient flow to ensure certain PDE estimates hold.
Second, Theorem 1.1 provides a necessary and sufficient condition for (1.5), an elliptic
equation of Monge-Ampe`re type to be solvable. Notice that (1.5) can be written, locally,
for k < n as
(1.10) c′kσn(χϕ) = σn−k(χϕ),
or, equivalently,
σk(χ
−1
ϕ ) = c
′
k.
The corresponding [χ] ∈ Ck condition states that there exists a χ′ ∈ [χ] such that
(1.11) σk(χ
′−1|i) < c′k,
for 1 ≤ i ≤ n. Refer to Section 2 for more details.
Equation (1.5) is also a special case of a question posed by Chen. In [Ch1], Chen raised
the question of solving a very general fully non-linear equation of Monge-Ampe`re type:
(1.12) χnϕ =
n−1∑
i=0
αiχ
i
ϕ ∧ ωn−i,
where αi’s are real. Theorem 1.1 gives a complete answer for Chen’s question when the
right hand side has only one term.
Using similar method, we can also extend our result.
Define, for any fixed α ∈ (0,∞) and integer k ∈ [1, n],
ck,α = ck,α,[ω],[χ] = ck + αck−1,
F˜α,k,n(χ0 , χ) = F˜n−k,n(χ0 , χ) + αF˜n−k+1,n(χ0 , χ),
Ck,α(ω) = {[χ] ∈ H+, ∃χ′ ∈ [χ], such that
ck,αnχ
′n−1 > (n − k)χ′n−k−1 ∧ ωk + α(n − k + 1)χ′n−k ∧ ωk−1}.
It is clear to see that when the parameter α runs from 0 to ∞, Ck,α = Ck,α(ω) gives a
continuous deformation from the cone Ck ⊂ H+ to Ck−1 ⊂ H+. We have the following
Theorem 1.2. Suppose M , ω and χ0 ∈ [χ] are defined as above. Assume 1 ≤ k ≤ n and
α > 0, then the equation
(1.13) ck,αχ
n = χn−k ∧ ωk + αχn−k+1 ∧ ωk−1
has a unique smooth solution if and only if [χ] ∈ Ck,α(ω); in this case, the solution mini-
mizes F˜α,k,n(χ0 , χ).
Theorem 1.2 is proved by improving the estimates needed in proving Theorem 1.1 to
the product manifold M × C, where C is a smooth algebraic curve.
Based on these known results, we would like to verify that the similar cone condition
would be the necessary and sufficient condition for the problem of Chen. Using a similar
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geometric construction as in the proof of Theorem 1.2, we can settle many special cases for
Chen’s problem. See Section 5 for more details. We believe this is one of the few examples
of the Monge-Ampe`re type equations including terms of mixed degrees. The geometric
structure plays an important role in the solution of these equations.
Finally, we make some remarks.
Remark 1.3. It is interesting to point out that the elliptic PDEs studied in this paper
are all solved by geometric flow method. With the exception of Yau’s original equation,
continuity method does not seem to work for the other cases.
Remark 1.4. It is interesting to study the various cones we defined in H+. Except the
obvious fact that Cn(ω) = H+ includes all the other cones, the relative position of Cj(ω)
and Ck(ω) for j 6= k, j, k 6= n is unknown.
Remark 1.5. The strong concavity property of the symmetric polynomials is very impor-
tant for our estimates. We point out that we do not use the optimal concavity property
available. This leaves room of future construction of other geometric flows in Ka¨hler ge-
ometry.
The rest of this paper is organized as follows. In Section 2 we introduce further no-
tation and some preliminary facts about the elementary symmetric polynomials. In Sec-
tion 3, we derive the partial C2 estimate by maximum principle, following Yau [Y] and
Weinkove [W1]. In Section 4, we derive the C0 estimate and C∞ estimate and the con-
vergence result. In section 5, we discuss various generalization of Theorem 1.1 and some
application to complex geometry. In the Appendix, we give an alternative proof of our
strong concavity property.
Acknowledgments: The first-named author would like to thank Jian Song for useful
discussion. All authors would like to thank Pengfei Guan and Lihe Wang for discussion.
They would like to thank Institute for Advanced Study for support and hospitality. Most
of this work is done when they attended special year of Geometric non-linear PDE at IAS.
Thanks also go to referee for his or her careful proof-reading and useful suggestion.
2. Preliminary
In this section, we set up the notation and prove some preliminary results regarding
elementary symmetric functions.
For simplicity, after proper scaling, we may assume ck =
∫
χn−k
0
∧ωk
∫
χn
0
= 1 without loss of
generality. We also denote c = c′k =
(n
k
)
when no confusion occurs.
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Fix a local coordinate chart U ⊂M . For z = (z1, z2, · · · , zn) ∈ U , we write
ω =
√−1
2
gij¯dz
i ∧ dzj¯ ,
χ0 =
√−1
2
χ
0ij¯
dzi ∧ dzj¯ ,
χ′ =
√−1
2
χ′ij¯dz
i ∧ dzj¯ ,
χϕ =
√−1
2
(χ
0ij¯
+ ϕij¯)dz
i ∧ dzj¯ ,
χij¯ = χ0ij¯ + ϕij¯ .
When no confusion occurs, we also use χ0 , χ
′, χϕ to denote the corresponding Hermitian
matrices at the given z. We always choose the normal coordinate of ω such that gij¯ = δij¯
and χϕ is diagonal. In other words, we have χϕ(z) = χ = (χ1 , · · · , χn). Furthermore, we
may assume χ
i
≥ χ
j
for i > j. That means χ1 and χn are the maximal and the minimal
eigenvalues of χϕ, respectively.
For a Hermitian matrix A = (aij¯)n×n, define
F (A) := −[σn−k(A)
σn(A)
]
1
k = −σ
1
k
k (A
−1).
It is a well known fact that F is a concave function of A and F ij¯ is positive definite when
restricted to the space of positive definite hermitian matrixes (see e.g., [S]). Without
further specification, we assume that A is positive in the rest of this section.
We compute the derivatives of F with respect to entries of A for the future use.
Proposition 2.1. For F given as above, we have
F ij¯(A) :=
∂F
∂aij¯
= −1
k
(
σn−k
σn
)1/k−1(
∂σn−k/∂aij¯
σn
− σn−k∂σn/∂aij¯
σ2n
).
F ij¯,kl¯(A) :=
∂2F (A)
∂aij¯∂akl¯
.
If A = χ = diag(χ1, χ2, · · · , χn) is diagonal, then F ij¯ can be non trivial iff i = j. We
have
F i¯i = −1
k
(
σn−k(χ)
σn(χ)
)1/k−1(
σn−k−1(χ|i)
σn(χ)
− σn−k(χ)σn−1(χ|i)
σ2n(χ)
),
or
F i¯i =
1
k
σ
1
k
−1
k (χ
−1)σk−1(χ−1|i) 1
χ2i
.
Furthermore, F ij¯,kl¯ can be nontrivial iff i = j, k = l or i = l, j = k. In this case, we have
F ij¯,ji¯(χ) =
1
k
(
σn−k(χ)
σn(χ)
)
1
k
−1(
σn(χ)σn−k−2(χ|i, j) − σn−k(χ)σn−2(χ|i, j)
σ2n(χ)
), for i 6= j,
where χ−1 denotes the inverse matrix of χ, σk(χ|i) = σk(χ)|χi=0, σk(χ|i, j) = σk(χ)|χi=0,χj=0.
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Also notice that F is homogenous of degree −1, so −F (A) =∑i,j F ij¯(A)aij¯ .
We proceed to discuss some technical results. First of all, we have the following concavity
result. Define
Γn = {(x1, · · · , xn) ∈ Rn|x1 > 0, x2 > 0, · · · xn > 0}.
Proposition 2.2. [GLZ] Let g(λ) = log σk(λ). For λ ∈ Γn, ξ = (ξ1, · · · , ξn) ∈ Cn, let
gi :=
∂g
∂λi
, gij :=
∂2g
∂λi∂λj
, we have
n∑
i=1
(gii +
gi
λi
)ξiξ¯i +
∑
i 6=j
gijξiξ¯j ≥ 0.(2.1)
Proof. We have
gi =
σk−1(λ|i)
σk(λ)
, gij =
σk−2(λ|i, j)
σk(λ)
− σk−1(λ|i)σk−1(λ|j)
σ2k(λ)
.
Using the same reduction in Lemma 2.3 of [GM], (2.1) can be reduced to the following
inequality
n∑
i=1
σk(λ|i)σn−1(λ|i)σk−1(λ|i)|ξi|2
≥ σn(λ)
∑
i 6=j
{σ2k−1(λ|ij) − σk(λ|ij)σk−2(λ|ij)}ξi ξ¯j,(2.2)
which is just Lemma 2.4 in [GM]. 
Remark 2.3. By the above proposition, if we let g(λ) = σ
1
k
k (λ), for λ ∈ Γn, then a simple
calculation shows, for ξ = (ξ1, · · · , ξn) ∈ Cn,
(gij +
gi
λj
δij)ξiξ¯j ≥ 0.
Another proof will be given in the appendix.
Second, we have the following local version of the cone condition (1.6).
Proposition 2.4. For k < n,χ′ ∈ Ck is equivalent to
σn−k−1(χ′|j)
σn−1(χ′|j) = σk(χ
′−1|j) <
(
n
k
)
,
for any j ∈ {1, · · · , n}, where (χ′|j) denotes the matrix obtained by deleting the j-th column
and j-th row of χ′.
Proof. Assume χ′ ∈ Ck. By (1.6), for any given integer j ∈ [1, n], the coefficient of the
(n− 1, n − 1) form Πni=1i 6=jdzidz¯i in χ′n−1 − n−kn ωk ∧ χ′n−k−1 should be positive; that is,
(n− 1)!σn−1(χ′|j)− n− k
n
k!(n − k − 1)!σn−k−1(χ′|j) > 0.
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Dividing both sides by n−kn k!(n − k − 1)!σn−1(χ′|j), one obtains
σn−k−1(χ′|j)
σn−1(χ′|j) <
(
n
k
)
.

Next, we introduce some simple algebraic facts. Let A = (aij¯) be a positive Hermitian
matrix.
Lemma 2.5. Let I = (i1, i2, · · · , ik) ⊂ (1, · · · , n) be an index set, denote its complement in
(1, 2, · · · , n) by I¯. We always order I¯ so that (I, I¯) is an even permutation of (1, 2, · · · , n).
For A, a positive hermitian n× n matrix, let AI be the principal minor (aij¯)i,j∈I . Then
det(A) ≤ det(AI) det(AI¯).
Proof. Rearrange A if necessary we may write A as
(2.3) A =
[
AI M
M ′ AI¯
]
.
By
(2.4)
[
Id 0
−M ′A−1I Id
] [
AI M
M ′ AI¯
]
=
[
AI M
0 AI¯ −M ′A−1I M
]
,
one obtains
det(A) = det(AI) det(AI¯ −M ′A−1I M) ≤ det(AI) det(AI¯),
where M ′ means the conjugate transpose matrix of M . The last inequality follows from
the fact that M ′A−1I M is positive definite. 
The following corollary is a direct consequence of Lemma 2.5.
Corollary 2.6. Let A be as above. Then det(A) ≤∏ni=1 ai¯i.

We are then ready to prove
Lemma 2.7. Let A = (aij¯) be a positive Hermitian matrix. Denote A˜ = (aij¯δij¯) to be the
matrix containing only the diagonal terms of A. We have,
(2.5) σk(A˜
−1) ≤ σk(A−1).
Proof. By Corollary 2.6, we have
1
det(A˜)
≤ 1
det(A)
.
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This means that Lemma 2.7 holds for k = n. For general k, we have
σk(A˜
−1) =
∑
|I|=k,(i1,i2,··· ,ik)∈I
1
ai1 i¯1
1
ai2i¯2
· · · 1
aik i¯k
≤
∑
|I|=k
1
det(AI)
≤
∑
|I|=k
det(AI¯)
det(A)
=
σn−k(A)
σn(A)
= σk(A
−1).

Finally, we give the following technical statement, which will be used in the next section.
Theorem 2.8. Assume that M,ω, χ ∈ [χ] given as before. Assume that k < n and
[χ] ∈ Ck. Let F i¯i(χ) be given as in Proposition 2.1. Let χ′ ∈ [χ] be the Ka¨hler form
satisfying the condition of Ck. Assume C1 ≤ σn−k(χ)σn(χ) ≤ C2, for some universal constants C1
and C2. Then there exists a universal constant N , depending only on the given geometric
data, such that, if
χ1
χn
≥ N then there exists ǫ > 0 such that
(2.6) (1− ǫ)
n∑
i=1
F i¯i(χ)χ′i¯i ≥ c−
1
kσ
2
k
k (χ
−1).
Proof. Follow the convention, we will verify (2.6) under normal coordinates which diago-
nalizes χ at some point. So χ = diag(χ1, χ2, · · ·χn), and χ1 ≥ χ2 ≥ · · · ≥ χn. In local
coordinates we will use σk(χ
−1) = σn−k(χ)σn(χ) when no confusion arises.
We first notice for the case χn ≪ 1, (2.6) follows easily. Notice χ′ is a fixed ka¨hler form,
so there is a constant λ > 0 such that
χ′ > λω.
Therefore,
n∑
i=1
F i¯i(χ)χ′i¯i ≥ λ
n∑
i=1
F i¯i(χ)(2.7)
= λ
1
k
σ
1
k
−1
k (χ
−1)
n∑
i=1
σk−1(χ−1|i) 1
χ2
i
≥ λ1
k
σ
1
k
−1
k (χ
−1)σk−1(χ−1|n) 1
χ2
n
.
We claim σk−1(χ−1|n) 1χn is bounded below. Indeed, σk−1(χ
−1|n) 1χn is the largest term
among σk−1(χ−1|i) 1χ
i
by the fact that χn is the smallest among χi, 1 ≤ i ≤ n. Thus,
(2.8) σk−1(χ−1|n) 1
χn
≥ 1/n[
n∑
i=1
σk−1(χ−1|i) 1
χ
i
] =
k
n
σk(χ
−1)
Now if χn < δ = λ(C1c)
1
k , (2.6) follows easily from (2.7) and (2.8).
So we just need to consider the case χn ≥ δ.
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Recall G˚arding’s inequality: For µ, τ ∈ Γn,
1
k
n∑
j=1
τj
∂
∂µj
σk(µ) ≥ σ
1
k
k (τ)σ
1− 1
k
k (µ).
Thus, by Proposition 2.1, we have, for the matrix B = diag(
χ′
11¯
χ21
, · · · , χ′nn¯χ2n ) = χ
−1χ˜′χ−1,
n∑
i=1
F i¯i(χ)χ′i¯i = σ
1
k
−1
k (χ
−1)
1
k
n∑
i=1
σk−1(χ−1|i)
χ′
i¯i
(χi)2
(2.9)
≥ σ
1
k
−1
k (χ
−1)σ
1− 1
k
k (χ
−1)σ
1
k
k (B)
= σ
1
k
k (B).
Comparing with (2.6), it suffices to show
(2.10) c
1
kσ
1
k
k (B) ≥ (1 + θ)σ
2
k
k (χ
−1), for θ > 0.
By Proposition 2.4, we have
(2.11) σk((χ
′|1)−1) ≤
(
n
k
)
− η = c− η,
for a universal positive constant η < c, depending only on (M,ω) and χ′,where (χ′|1)−1
is the inverse matrix of (χ′|1). We have,
c
1
k σ
1
k
k (B) ≥ (
c
c− η )
1
kσ
1
k
k ((χ
′|1)−1)σ
1
k
k (B)(2.12)
≥ ( c
c− η )
1
kσ
1
k
k ((
˜χ′|1)−1)σ
1
k
k (B)
≥ ( c
c− η )
1
kσ
1
k
k ((
˜χ′|1)−1)σ
1
k
k (B|1)
≥ ( c
c− η )
1
kσ
2
k
k (χ
−1|1).
We explain the second and last inequality in (2.12). Apply Lemma 2.7 to the matrix
(χ′|1), we have
(2.13) σk((χ
′|1)−1) ≥ σk(( ˜χ′|1)−1).
Recall that B = χ−1χ˜′χ−1, then Cauchy-Schwarz inequality yields
σk(χ
−1χ˜′χ−1|1)σk(( ˜χ′|1)−1) ≥ σ2k(χ−1|1).
Now suppose χ1 ≥ Nχn , and χn ≥ δ. Then
σk(χ
−1|1)
σk(χ−1)
= 1−
1
χ1
σk−1(χ−1|1)
σk(χ−1)
(2.14)
≥ 1−
1
χ1
(n−1k−1)
δk−1
σk(χ−1)
≥ 1−
(
n−1
k−1
)
C1Nδk
.
ON A CLASS OF FULLY NONLINEAR FLOWS IN KA¨HLER GEOMETRY 11
Combine (2.10),(2.12),(2.14), for θ sufficiently small, a positive numberN =
(n−1k−1)
C1δk
1
1−(1+θ) 12 ( c−η
c
)
will satisfy the condition of this Proposition. 
3. Partial Second order estimate
In this section, we use the maximum principle to obtain an estimate on the second order
derivatives of ϕ in terms of ϕ.
First we establish the ellipticity condition. Notice that by the basic properties of sym-
metric polynomials, (F ij¯) > 0 if χ > 0. Differentiating (1.4) with respect to t gives
(3.1)
∂
∂t
(
∂ϕ
∂t
) = F ij¯(χ)∂i∂j¯(
∂ϕ
∂t
).
Standard theory for parabolic equation ensures short time existence of the flow. By the
maximum principle, ∂ϕ∂t achieves extremal values at t = 0, i.e.
(3.2) min
t=0
∂ϕ
∂t
≤ ∂ϕ
∂t
≤ max
t=0
∂ϕ
∂t
,
which in terms implies
(3.3) inf
M
σn−k
σn
(χ0) ≤
σn−k
σn
(χϕ) ≤ sup
M
σn−k
σn
(χ0).
Hence, χϕ > 0, i.e., it remains Ka¨hler when the flow exists.
Next we prove the partial C2 estimate:
Theorem 3.1. Let M , ω, and χ0 ∈ [χ] as above. k is an integer in [1, n]. Suppose
[χ] ∈ Ck, i.e. there exists χ′ ∈ [χ] such that:
χ′n−1 − n− k
n
ωk ∧ χ′n−k−1 > 0.
Let ϕ be a solution of (1.4) on [0, T ). Then there exist constants A > 0,C > 0, depending
only on the initial data and independent of T , such that for any time t ≥ 0,
‖∂∂¯ϕ‖C0 ≤ CeA(ϕ−infM×[0,t] ϕ).
Proof. By hypothesis, there exists φ ∈ Pχ0 , such that χ′ = χ0 +
√−1
2 ∂∂¯φ, then χϕ =
χ′ +
√−1
2 ∂∂¯(ϕ− φ). Consider the function
G(x, t, ξ) := log(χij¯ξ
iξj¯)−A(ϕ− φ),
for x ∈M , and ξ ∈ T(1,0)x M , gij¯ξiξj¯ = 1. A is a constant to be determined. Fix a time t,
we can assume G attains maximum at (x0 , t0) ∈M × [0, t], along the direction ξ0 . Choose
normal coordinates of ω at x0 , so that ξ0 =
∂
∂z1
and (χij¯) is diagonal at x0 . By the definition
of G, it is easy to see that χ11¯ = χ1 is the largest eigenvalue of {χij¯} at x0 . Without loss
of generality, we can assume t0 > 0. Thus, locally, we consider H := log χ11¯ − A(ϕ − φ)
12 HAO FANG, MIJIA LAI, AND XINAN MA
instead, which also attains maximum at (x0 , t0), with H(x0 , t0) = G(x0 , t0). We compute
the evolution of H, namely the quantity ∂H∂t − F ij¯Hij¯. Then at (x0 , t0), we have
(3.4)
∂H
∂t
=
χ11¯,t
χ11¯
−A∂ϕ
∂t
,
(3.5) Hi¯i =
χ11¯,i¯i
χ11¯
− |χ11¯,i|
2
χ2
11¯
−A(ϕi¯i − φi¯i).
Take two derivatives along ∂∂z1 direction to the equation (1.4), one gets
(3.6) χ11¯,t = (
∂ϕ
∂t
)11¯ =
n∑
i=1
F i¯iχi¯i,11¯ +
∑
1≤i,j,k,l≤n
F ij¯,kl¯χij¯,1χkl¯,1¯.
Apply (1.4),(3.4),(3.5),(3.6) we have, at (x0 , t0)
∂H
∂t
−
n∑
i=1
F i¯iHi¯i
=
1
χ11¯
(
n∑
i=1
F i¯iχi¯i,11¯ +
∑
1≤i,j,k,l≤n
F ij¯,kl¯χij¯,1χkl¯,1¯)−A
∂ϕ
∂t
−
n∑
i=1
F i¯iHi¯i
=
1
χ11¯
n∑
i=1
F i¯i(χi¯i,11¯ − χ11¯,i¯i)−A
∂ϕ
∂t
+A
n∑
i=1
F i¯i(ϕi¯i − φi¯i) +B
=
1
χ11¯
n∑
i=1
F i¯i(χi¯i,11¯ − χ11¯,i¯i)−A(c
1
k + F ) +A
n∑
i=1
F i¯i(χ′i¯i + ϕi¯i − φi¯i)−A
n∑
i=1
F i¯iχ′i¯i +B
=
1
χ11¯
n∑
i=1
F i¯i(χi¯i,11¯ − χ11¯,i¯i)−Ac
1
k − 2AF −A
n∑
i=1
F i¯iχ′i¯i +B,
where
B =
1
χ11¯
∑
1≤i,j,k,l≤n
F ij¯,kl¯χij¯,1χkl¯,1¯ +
n∑
i=1
F i¯i
|χ11¯,i|2
χ2
11¯
includes all the third order derivatives terms of ϕ.
We claim that B ≤ 0, the proof of which we postpone to the end of this section. By
maximum principle, ∂H∂t −
∑n
i=1 F
i¯iHi¯i ≥ 0 at (x0 , t0), thus
1
χ11¯
n∑
i=1
F i¯i(χi¯i,11¯ − χ11¯,i¯i)−Ac
1
k − 2AF −A
n∑
i=1
F i¯iχ′i¯i ≥ 0,
i.e.
1
χ11¯
n∑
i=1
F i¯i(χi¯i,11¯ − χ11¯,i¯i) ≥ A
n∑
i=1
F i¯iχ′i¯i +Ac
1
k + 2AF(3.7)
≥ A
n∑
i=1
F i¯iχ′i¯i −Ac−
1
kF 2
= A
n∑
i=1
F i¯iχ′i¯i −Ac−
1
kσ
2
k
k (χ
−1).
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Notice that
χ11¯,i¯i = χi¯i,11¯ + χ11¯R11¯,i¯i − χi¯iRi¯i,11¯,
so the left hand side of (3.7) can be simplified as follows
1
χ11¯
n∑
i=1
F i¯i(χi¯i,11¯ − χ11¯,i¯i) =
1
χ11¯
n∑
i=1
F i¯i(χi¯iRi¯i11¯ − χ11¯R11¯i¯i)(3.8)
=
1
χ11¯
n∑
i=1
F i¯iχi¯iRi¯i11¯ −
1
χ11¯
n∑
i=1
F i¯iχ11¯R11¯i¯i
≤ −C1F
χ11¯
−
n∑
i=1
F i¯iR11¯i¯i
≤ C0
χ11¯
+ C2
n∑
i=1
F i¯i,
where C1 = max{1, supi,j{Ri¯ijj¯}}, −C2 = min{−1, inf i,j{Ri¯ijj¯}} are upper and lower
bound of holomorphic bisectional curvature of M , and C0 = C1 supM [−F (χ0)]. All con-
stants here are positive.
Let χ1 ≥ · · · ≥ χn be the eigenvalues of χ with respect to ω. Our goal is to get a
uniform upper bound for χ1 = χ11¯.
If k < n, we have two cases:
Case 1.
χ1
χn
≤ N . N is the constant in Theorem 2.8. From (3.3), it follows that there
exists a constant C3 such that
C3 ≤ σk(χ−1) ≤
(n
k
)
χk
n
,
from which we get an upper bound
χn ≤ (
(n
k
)
C3
)
1
k .
Hence
χ1 ≤ Nχn ≤ C,
for some uniform constant C.
Case 2.
χ1
χn
≥ N . Then by Theorem 2.8, there exists ǫ > 0 such that
(3.9)
n∑
i=1
F i¯iχ′i¯i − c−
1
kσ
2
k
k (χ
−1) ≥ ǫ
n∑
i=1
F i¯iχ′i¯i.
Since χ′ is fixed and M is compact, there exists γ > 0, such that
(3.10) ǫ
n∑
i=1
F i¯iχ′i¯i ≥ γ
n∑
i=1
F i¯i.
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Combine (3.7),(3.8),(3.9) and (3.10), we get
(3.11)
C0
χ1
+ C2
n∑
i=1
F i¯i ≥ Aγ
n∑
i=1
F i¯i.
Since γ > 0, we can choose A so that Aγ − C2 = 1. Hence,
(3.12)
C0
χ1
≥
n∑
i=1
F i¯i.
Apply G˚arding’s Inequality, Cauchy inequality and (3.3), we have
n∑
j=1
F jj¯ =
n∑
j=1
1
k
σ
1
k
−1
k (χ
−1)σk−1(χ−1|j) 1
χ2j
(3.13)
≥ σ
1
k
−1
k (χ
−1)σ
1− 1
k
k (χ
−1)σ
1
k
k (χ
−2)
≥ σ
2
k
k (χ
−1)(n
k
) ≥ C
2
k
3(n
k
) .
Combine (3.12) and (3.13), we have
χ1 ≤ C,
for some constant C depending only on the initial data.
For k = n, notice in this case c = 1. From Proposition 2.1,
(3.14)
n∑
i=1
F i¯i =
1
n
σ
− 1
n
n (χ)
n∑
i=1
1
χi
.
By (3.3), there exists two positive constants C4 and C5, such that
0 < C4 ≤ σ−
1
n
n (χ) ≤ C5 < +∞.(3.15)
Now we can proceed directly from (3.7) and (3.8), namely:
A+ 2AF +A
n∑
i=1
F i¯iχ′i¯i ≤
C0
χ1
+ C1
n∑
i=1
F i¯i.(3.16)
Assume χ′
i¯i
≥ ǫo > 0. Using (3.15) it follows that
A− 2Aσ−
1
n
n (χ) +
Aǫo
n
σ
− 1
n
n (χ)
n∑
i=1
1
χi
≤ C0
χ1
+ C6
n∑
i=1
1
χi
≤ C7
n∑
i=1
1
χi
.(3.17)
Apply (3.15) again, we get
(
Aǫo
n
C4 − C7)
n∑
i=1
1
χi
≤ 2AC5.(3.18)
Now we take A such that Aǫon C4 − C7 = 1, i.e., A = n(1+C7)ǫoC4 . From (3.18), we have
n∑
i=1
1
χi
≤ C8.
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Since χi > 0
χ
i
≥ C8−1,(3.19)
Combining (3.15) and (3.19), it follows that there exists a uniform constant C9
(3.20) χ1 =
(Πni=2χ
−1
i )
σn(χ−1)
≤ Cn−18 /Cn4 = C,
for a uniform constant C.
In summary, for all 1 ≤ k ≤ n, there exists a uniform constant C, such that χ1 ≤ C.
Back in the definition of G, we have
(3.21) log(χij¯)−A(ϕ− φ) ≤ log(χ1(x0))−A(ϕ(x0)− φ(x0)),
so
log(χij¯) ≤ logC −Aϕ(x0) +Aϕ+ C ′.
Exponentiating both sides, we get the desired estimate. 
Now we prove the claim: B = 1χ11¯
∑
i,j,k,l F
ij¯,kl¯χij¯,1χkl¯,1¯ +
∑
i F
i¯i |χ11¯,i|2
χ2
11¯
≤ 0.
Proof. Case 1. k < n.
Recall from Proposition 2.1, F ij¯,kl¯ is not zero iff i = j, k = l or i = l, k = j. According
to the computation there, we have for i 6= j
F ij¯,ji¯ =
1
k
(
σn−k(χ)
σn(χ)
)
1
k
−1(
σnσn−k−2(χ|i, j) − σn−kσn−2(χ|i, j)
σ2n
)
= −1
k
(
σn−k(χ)
σn(χ)
)
1
k
−1(
χiσn−k−1(χ|i, j) + χjσn−k−1(χj |i, j) + χiχjσn−k−2(χ|i, j)
σ2n
)
< 0.(3.22)
So we group terms as follows:
The first group:
X =
1
χ11¯
(
∑
1≤i,j≤n
F i¯i,jj¯χi¯i,1χjj¯,1¯) + F
11¯ |χ11¯,1|2
χ2
11¯
≤ 0.
Let
f(χ) = −(σn−k
σn
)
1
k (χ).
It is sufficient to prove the following point-wise matrix inequality:
(fχiχj +
fχi
χj
δij) ≤ 0.(3.23)
If we let λi =
1
χi
, and g(λ) = σk
1
k (λ), then (3.23) is equivalent to the following
(gλiλj +
gλi
λi
δij) ≥ 0,(3.24)
which is true by Proposition 2.2 and Remark 2.3. See also Appendix for an alternative
proof.
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Second group:
Y =
1
χ11¯
n∑
i=2
F i1¯,1¯iχi1¯,1χ1¯i,1¯ +
n∑
i=2
F i¯i
|χ11¯,i|2
χ2
11¯
≤ 0.
The idea is to use F i1¯,1¯i to control F i¯i, take i = 2 for example. By the Ka¨hler property of
χ, we have:
χij¯,k = χkj¯,i, χij¯,k¯ = χik¯,j¯.
It suffices to show
χ11¯F
j1¯,1j¯ + F jj¯ ≤ 0, j 6= 1.
After taking out the common factor 1kσ2n(χ)
(
σn−k(χ)
σn(χ)
)
1
k , we are left to show
χ1[σn(χ)σn−k−2(χ|1, j)−σn−k(χ)σn−2(χ|1, j)]+σn−k(χ)σn−1(χ|j)−σn−k−1(χ|j)σn(χ) ≤ 0.
Here we simply write χ1 for χ11¯. Use the identity σk(χ) = σk(χ|1)+χ1σk−1(χ|1), we have
χ1[σn(χ)σn−k−2(χ|1, j) − σn−k(χ)σn−2(χ|1, j)] + σn−k(χ)σn−1(χ|j)− σn−k−1(χ|j)σn(χ)
= σn(χ)[χ1σn−k−1(χ|j) − σn−k−1(χ|j)]− σn−k(χ)[χ1σn−2(χ|1, j) − σn−1(χ|j)]
= −σn(χ)σn−k−1(χ|1, 2) ≤ 0.
The third group have all the remaining terms:
Z =
1
χ11¯
∑
1≤i≤n,2≤j≤n,i 6=j
F ij¯,ji¯χij¯,1χji¯,1¯ ≤ 0.
By (3.22), each term in Z is negative.
To sum up, we have
B = X + Y + Z ≤ 0.
Case 2. k = n.
If we use the convention σ−1(χ) = 0, the computation above is valid and can be simplied.

4. Convergence of the flow
In this section, we study the properties of the functionals F˜k,n raised in the introduction,
from which we prove the uniqueness of the solution of (1.5) and C0 estimate for the
oscillation of ϕt. After getting C
0 estimate of oscillation of ϕt, all the arguments in [W2]
can be applied verbatim.
For any φ ∈ Pχ0 , let
(4.1) δFk(φ) =
∫
M
δφχkφ ∧ ωn−k,
be the infinitesimal variation of the functional Fk. Then one has explicit formula for Fk:
Fk(φ) =
∫ 1
0
∫
M
φ˙tχ
k
φt ∧ ωn−kdt,
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where φt is an arbitrary path in Pχ0 connecting 0 and φ, and φ˙t denotes time derivative.
Then let:
(4.2) F˜k,n(φ) = Fk(φ)− cn−kFn(φ).
By the variational characterization of (4.1), one has
(4.3) δF˜n−k,n(φ) =
∫
M
δφ(χn−kφ ∧ ωk − ckχφn).
So the Euler-Lagrange equation of F˜n−k,n is
(4.4) χn−kφ ∧ ωk − ckχnφ = 0,
which is exactly (1.5). Regarding the second derivative of F˜k,n, one chooses a path φt and
use (4.1), (4.2) to get:
d2F˜n−k,n(φt)
dt2
=
∫
M
φ¨t(χ
n−k
φ ∧ ωk − ckχnφ) +
∫
M
φ˙t∂∂¯φ˙t((n − k)χn−k−1φ ∧ ωk − cknχn−1φ )
=
∫
M
φ¨t(χ
n−k
φ ∧ ωk − ckχnφ) +
∫
M
∂φ˙t ∧ ∂¯φ˙t(cknχn−1φ − (n− k)χn−k−1φ ∧ ωk)(4.5)
We observe the following
Theorem 4.1. There is only one critical point at the level of Ka¨hler metric if such critical
point exists.
Proof. Suppose we have two critical points φ0 and φ1 . Consider the affine path φt =
(1−t)φ0+tφ1, t ∈ [0, 1]. φ0 and φ1 being critical points are equivalent, in local coordinates,
to following inequalities
σk(χ
−1
φ0
) = σk(χ
−1
φ1
) = c′k.
Recall that in Section 2, we have proved −σk(χ−1) = F is concave, which is equivalent
to the convexity of σk(χ
−1). Thus
σk(χ
−1
φt
) ≤ (1− t)c′k + tc′k = c′k, t ∈ [0, 1].
Since χ−1φt is positive definite, we have σk(χ
−1
φt
|i) < c′k. By Proposition 2.4, it follows
cknχ
n−1
φt
− (n− k)χn−k−1φt > 0
as a (n − 1, n − 1) form. Therefore by (4.5) and the facts that φ˙t = φ1 − φ0 , φ¨t = 0, we
conclude that F˜n−k,n(φt) is a convex function: [0, 1] → R, with critical points at t = 0, 1.
This implies that F˜n−k,n(φt) is a constant. Furthermore, the indentity
d2F˜n−k,n(φt)
dt2
= 0,
implies φ˙t = φ1 − φ0 = C for some constant C, hence χφ0 = χφ1 .

Next, we establish some propositions regarding monotonicity of the functionals which
will lead to the C0 estimates.
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Proposition 4.2. The functional F˜n−k,n is decreasing along the flow (1.4).
Proof. We write (1.4) as
ϕ˙t = (c
′
k)
1
k + F,
where F = −(σn−k(ϕt)σn(ϕt) )
1
k .
d
dt
F˜n−k,n(ϕt) =
∫
M
ϕ˙t(χ
n−k
ϕt ∧ ωk − ckχnϕ)
=
1(
n
k
)
∫
M
((c′k)
1/k + F )(F k − c′k)χnϕt ≤ 0
The integrand is of the form (a1/k − b1/k)(b− a) which is clearly non-positive. 
Corollary 4.3. Assume the convergence of the flow, i.e., the existence of the solution of
(1.5), then the global minimum of F˜n−k,n is realized by the critical metric.
Proof. It follows directly from Proposition 4.1 and Proposition 4.2. 
Towards C0 estimate, we need another monotonicity:
Proposition 4.4. Let Fn−k defined as above, ϕt the solution of flow (1.4), then
dFn−k(ϕt)
dt
≤ 0,
i.e. Fn−k(ϕt) decreases along the flow. In particular, Fn−k(ϕt) ≤ 0 for all t > 0.
Proof. First we make following observation:∫
M
σn−kdv =
∫
M
(
σn−k
(σn)
1
k+1
)(σn)
1
k+1dv(4.6)
≤ [
∫
M
(
σn−k
(σn)
1
k+1
)
1+k
k dv]
k
k+1 (
∫
M
σndv)
1
1+k
= (
∫
M
(σn−k)
1+k
k
(σn)
1
k
dv)
k
k+1 (
∫
M
σndv)
1
1+k .
Recall dv = ω
n
n! , so σn−kdv =
(nk)
n! χ
n−k ∧ ωk. So (4.6) gives:
(4.7)
∫
M
(
σn−k
σn
)
1
kχn−k ∧ ωk ≥ c′
1
k
k
∫
M
χn−k ∧ ωk.
Now we compute ddtFn−k(ϕt) by choosing the path given by the flow then
d
dt
Fn−k(ϕt) =
∫
M
ϕ˙tχ
n−k
ϕt ∧ ωk
=
∫
M
[c
′1/k
k + F ]χ
n−k
ϕt ∧ ωk
=
∫
M
c
′1/k
k χ
n−k
ϕt ∧ ωk −
∫
M
(
σn−k
σn
)
1
kχn−kϕt ∧ ωk ≤ 0.

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From Proposition 4.4, we know Fn−k(ϕt) ≤ 0. But the definition of Fn−k is independent
of the choice of the path, we can choose the path γ(s) = sϕt to compute Fn−k(ϕt) as well.
Fn−k(ϕt) =
∫ 1
0
∫
M
ϕtχ
n−k
sϕt ∧ ωkds
=
∫ 1
0
∫
M
ϕt(sχϕt + (1− t)χ0)n−k ∧ ωkds
=
n−k∑
l=0
∫ 1
0
(
n− k
l
)
sl(1− s)n−k−lds
∫
M
ϕtχ
l
ϕt ∧ χn−k−l0 ∧ ωk ≤ 0.
So at time t, we may write in short Fn−k(ϕt) =
∫
M ϕtdµt. Now we are in the position
to prove following:
Theorem 4.5. Suppose that χ′n−1 − n−kn ωk ∧ χ′n−k−1 > 0. Let ϕt be a solution of (1.4)
on [0,∞). Then there exists a constant C˜, depending only on initial data such that
‖ supϕt − inf ϕt‖C0 ≤ C˜.
Proof. It suffices to show a uniform lower bound of inf ϕ˜t, where ϕ˜t = ϕt − supM ϕt.
Following [W2], we prove by contradiction. If such a lower bound does not exist, then we
can choose a sequence of times ti →∞ such that
• infM ϕ˜ti = inft∈[0,ti] infM ϕ˜t
• infM ϕ˜ti → −∞
Set B = A/(1 − δ) where A is the constant in Theorem 3.1, and let δ be a small positive
constant to be determined later. Let u = e−Bϕ˜ti . We apply Lemma 3.3, Lemma 3.4 of
[W2], there is a constant c′ independent of u,such that
‖u‖C0 ≤ C ′‖u‖δ .
Since u = e−Bϕ˜ti and ϕ˜ti satisfies supM ϕ˜ti = 0 and
χ
0kl¯
+ (ϕ˜ti)kl¯ = χkl¯ > 0,
we can apply Proposition 2.1 of [T1] to get a bound on ‖u‖δ for δ small enough. This
gives the uniform C0 estimate of ϕ˜t. 
So far we have got the uniform C0 estimate for oscillation of ϕt, in order to get conver-
gence we have to normalize ϕt, namely let
ϕˆt = ϕt − Fn−k(ϕt)∫
M dµt
.
Then ϕˆt takes value zero somewhere, by Theorem 4.5, ‖ϕˆt‖C0 ≤ C˜. With this choice of
normalization, we see the partial C2 estimate is actually uniform. By Theorem 3.1
‖∂∂¯ϕˆt‖C0 = ‖∂∂¯ϕt‖C0 ≤ Aec(ϕt−infM×[0,t] ϕt).
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For the exponent, we have
ϕt − inf
M×[0,t]
ϕt = ϕˆt +
Fn−k(ϕt)∫
M dµt
− inf
M×[0,t]
(ϕˆt +
Fn−k(ϕt)∫
M dµt
)(4.8)
≤ ϕˆt + Fn−k(ϕt)∫
M dµt
− inf
M×[0,t]
ϕˆt − inf
M×[0,t]
Fn−k(ϕt)∫
M dµt
= ϕˆt − inf
M×[0,t]
ϕˆt +
Fn−k(ϕt)∫
M dµt
− inf
M×[0,t]
Fn−k(ϕt)∫
M dµt
= ϕˆt − inf
M×[0,t]
ϕˆt ≤ 2C˜.
Last equality follows from Proposition 4.4 and the fact
∫
M dµt is independent of t. Hence,
we have a uniform constant C such that
||∂∂¯ϕt||C0 < C.
Since we get bound for complex hessian of ϕ, the underlying real parabolic equation
(1.4) has uniform elliptic constants. By [Wang1, Wang2], one can deduce C2,α spatial and
time estimate on ϕ. Then classical Schauder theory can be applied to prove estimates all
the way to C∞. Consequently the flow exists on [0,∞). We will provide more explanations
of PDE aspect in Appendix B.
To show the convergence without passing to a subsequence, one can follow the methods
in [C],[W2].
5. Generalization and Applications
In this section, we apply Theorem 3.1 to the product manifold M × C, where C is an
algebraic curve, to prove Theorem 1.2.
Proof. First, let us recall the definition following constants:
(5.1) ck = ck,[ω],[χ] =
∫
M χ
k
0
∧ ωn−k∫
M χ
n
0
,
(5.2) ck,α = ck + αck−1, α ≥ 0,
and cone condition Ck,α = Ck,α(ω):
Ck,α(ω) = {[χ] ∈ H+, ∃χ′ ∈ [χ], such that(5.3)
ck,αnχ
′n−1 > (n− k)χ′n−k−1 ∧ ωk + α(n− k + 1)χ′n−k ∧ ωk−1}.
Let ω0 , χ0 ∈ [χ] be two Ka¨hler forms on M, ω1 be a Ka¨hler form on C. Set
χ˜0 = χ0 + aω1 , and ω˜0 = ω0 + ω1 .
Then on M × C, consider following flow in Pχ0 ,
(5.4)
∂ϕ
∂t
= c
1
k − (σn+1−k(χ˜ϕ)
σn+1(χ˜ϕ)
)
1
k , ϕ|t=0 = 0,
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where χ˜ϕ = χ˜0 +
√−1
2 ∂∂¯ϕ, and
c =
∫
M×C σn+1−k(χ˜ϕ)∫
M×C σn+1(χ˜ϕ)
=
a
∫
M σn−k(χ0) +
∫
M σn−k+1(χ0)
a
∫
M σn(χ0)
=
(
n
k
)
ck +
1
a
(
n
k − 1
)
ck−1.
In local coordinates, one shall view the matrix ((χ˜ϕ)ij¯) as
(
(χϕ)ij¯ 0
0 aω1
)
. In view of
Theorem 3.1, we want to bound the largest eigenvalue of
(
(χϕ)ij¯ 0
0 aω1
)
. Without loss
of generality, we can assume the corresponding direction is ∂∂z1 ∈ T (1,0)M . Otherwise the
estimate follows trivially, since ω1 is fixed under the flow. Compare the proof of Theorem
3.1, we impose condition:
(5.5) σk(χ˜0
−1|i) < c, ∀ i = 1, 2, · · · , n.
which translates to a condition on M as:
(5.6)
1
a
σk−1(χ−10 |i) + σk(χ−10 |i) < c, ∀ i = 1, 2, · · · , n.
Then the whole argument applies. Moreover, C0 estimate can be applied directly. There-
fore we get a stationary metric χ on M solving:
(5.7) acχn = a
(
n
k
)
χn−k ∧ ωk +
(
n
k − 1
)
χn−k+1 ∧ ωk−1.
After setting α =
( nk−1)
a(nk)
, one can readily check that [χ] ∈ Ck,α imply (5.5), and (5.7)
becomes
ck,αχ
n = χn−k ∧ ωk + αχn−k+1 ∧ ωk−1.

Based on the known result, we can refine Chen’s problem into the following:
Conjecture 5.1. For fixed q, 0 ≤ q ≤ n, and for any given α = (α0, · · · , αp) ∈ Rp+1,p ≤
n− q αi > 0, 0 ≤ i ≤ p, define
cα = ck,α,[ω],[χ] =
p∑
i=0
ci+qαi,
F˜α,n(χ0 , χ) =
p∑
i=0
αiF˜i+q,n(χ0 , χ),
Cα(ω) = {[χ] ∈ H+, ∃χ′ ∈ [χ], such that cαnχ′n−1 >
p∑
i=0
αi(n − i− q)χ′n−i−q−1 ∧ ωi+q}.
Then
(5.8) cαχ
n
ϕ =
p∑
i=0
αiχ
i+q
ϕ ∧ ωn−i−q,
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has a unique smooth solution if and only if [χ] ∈ Cα(ω); in this case, F˜α,n(χ0 , χ) obtains
minimal at the given solution.
Use the same method we can verify Conjecture 5.1 under some additional conditions
on αi’s. We consider M × C1 × C2 · · · × Cp, where Ci are all algebraic curves. Set ωi be
Ka¨hler forms on Ci. For ai > 0 set
χ˜0 = χ0 +
p∑
i=1
aiωi, ω˜ =
n∑
i=0
ωi.
Follow the method above one can solve
(5.9) cσn+p(χ˜) = σn+p−k(χ˜), on M˜ := M × C1 × C2 · · · × Cp,
where c is the constant satisfying
c =
∫
M˜ σn+p−k(χ˜)∫
M˜ σn+p(χ˜)
.
Similarly, one reduces (5.9) to an equation on M . According to the relationship of k, n,
and p, there will be four cases which we state as a theorem.
Theorem 5.2. LetM , ω, and [χ] be as above. Γp is the positive cone in R
p. Conjecture 5.1
holds for the following special equations:
(1) For p ≥ k and n > k,
cχn = β0χ
n + β1χ
n−1 ∧ ω + · · · + βkχn−k ∧ ωk, c =
k∑
i=0
βici,
for which we require the existence of a b = (b1, b2, · · · , bp) ∈ Γp such that βi =
σk−i(b)
(n
i
)
, i = 0, 1, · · · k;
(2) For p < k < n,
cχn = β0χ
n+p−k ∧ ωk−p + β1χn+p−k−1 ∧ ωk−p+1 + · · · + βpχn−k ∧ ωk, c =
p∑
i=0
βick−p+i,
for which we require the existence of a b = (b1, b2, · · · , bp) ∈ Γp such that βi =
σp−i(b)
(
n
k−p+i
)
, i = 0, 1, · · · p;
(3) For p ≥ k ≥ n,
cχn = β0χ
n + β1χ
n−1 ∧ ω + · · ·+ βnωn, c =
n∑
i=0
βici,
for which we require the existence of a b = (b1, b2, · · · , bp) ∈ Γp such that βi =
σk−i(b)
(n
i
)
, i = 0, 1, · · · , n;
(4) For k > p and k ≥ n,
cχn = β0χ
n+p−k ∧ ωk−p + β1χn+p−k−1 ∧ ωk−p+1 + · · ·+ βn+p−kωn, c =
n+p−k∑
i=0
βick−p+i,
where we require there exist some b = (b1, b2, · · · , bp) ∈ Γp such that βi = σp−i(b)
(
n
k−p+i
)
, i =
0, 1, · · · , n+ p− k.
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Remark 5.3. It is due to our specific method that βi’s have certain combinatorial con-
straints. We expect to remove these technical constraints in future works.
We finish the discussion with a geometric application.
Consider [χ] = [ω] + ǫ[a], where [a] ∈ H1,1(M) and ǫ ∈ R . Since ω is in the cone Ck,
and the cone is obvious open, then for |ǫ| small, [χ] ∈ Ck for any k ∈ {1, · · · , n}. Thus, by
Theorem 1.1, we have χ ∈ [χ] such that
χn−k ∧ ωk
χn
= ck.
On the other hand, it is easy to check that, on the manifold M , we have the following
point-wise inequalities:
(5.10)
χn−1 ∧ ω
χn
≥ χ
n−2 ∧ ω2
χn−1 ∧ ω ≥ · · · ≥
χn−k ∧ ωk
χn−k+1 ∧ ωk−1 ,
where any equality holds iff χ = λω for some constant λ. Thus,
(5.11)
χn−1 ∧ ω
χn
≥ [χ
n−1 ∧ ω
χn
· χ
n−2 ∧ ω2
χn−1 ∧ ω1 · · · · ·
χn−k ∧ ωk
χn−k+1 ∧ ωk−1 ]
1
k = (ck)
1
k .
This leads to
(5.12)
∫
M χ
n−1 ∧ ω∫
M χ
n
≥ (ck)
1
k = [
∫
M χ
n−k ∧ ωk∫
M χ
n
]
1
k .
Notice that (5.12) is independent of the choice of χ ∈ [χ]. Notice [χ] = [ω] + ǫ[a]. Take
k = 2, and expand both sides of (5.12) as a series of ǫ, then let ǫ→ 0, we get the following
inequality:
(5.13) (
∫
M
ωn−2 ∧ a2)(
∫
M
ωn) ≤ n− 1
n(n− 2)(
∫
M
ωn−1 ∧ a)2,
where the identity holds iff [a] = λ′[ω] for some constant λ′. This is exactly the Riemann-
Hodge bi-linear relation for (1, 1)-classes (see, e.g., [GH]).
APPENDIX A
In this appendix, we first present another proof of Remark 2.3. For the convenience of
readers, we restate it as the following:
Proposition A.1. Let g = σ
1
k
k (χ), and χ ∈ Γn. Let gi := ∂g∂χi , gij :=
∂2g
∂χi∂χj
. Then the
matrix gij +
gi
χj
δij is nonnegative.
Proof. Step 1.
Consider h := σk(χ
1
k ). Use the same notation as above, we claim
hij +
hi
χj
δij ≥ 0.
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Direct computation shows that:
hi =
1
k
σk−1(χ
1
k |i)χ
1
k
−1
i ,(A.1)
hij =
1
k2
σk−2(χ
1
k |i, j)χ
1
k
−1
i χ
1
k
−1
j +
1
k
(
1
k
− 1)σk−1(χ
1
k |i)χ
1
k
−2
j δij .(A.2)
Introduce the following notation: for I = (i1, i2, · · · il) an arbitrary index set of length l,
let σk;I :=
∑
|I|=k χIσk−l(χ|I),where χI = χi1χi2 · · ·χil . Basically, it is the collection of
terms in which indices i ∈ I appear. In this notation, we can rewrite (A.1), (A.2) as:
hi =
σk;i
kχi
,(A.3)
hij =
σk;i,j
k2χiχi
, for i 6= j,(A.4)
hii =
1
k
(
1
k
− 1)σk;i
χ2i
.(A.5)
So hij +
hi
χj
δij equals:
(A.6)


σk;1
k2χ21
σk;1,2
k2χ1χ2
· · σk;1,n
k2χ1χn
σk;1,2
k2χ1χ2
σk;2
k2χ22· ·
· ·
σk;1,n
k2χ1χn
· σk;n
k2χ2n
.


Then it is equivalent to show that
A :=


σk;1 σk;1,2 · σk;1,n
σk;1,2 σk;2 ·
· ·
·
σk;1,n σk;n


is nonnegative. For an index set I, Let EI be the matrix having entry 1 in i-th row and
j-th column of an n× n matrix, where i, j ∈ I, and entry 0 elsewhere. It is clear that EI
is nonnegative. Moreover, we have the following nice decomposition:
(A.7) A =
∑
|I|=k
χIEI ≥ 0.
Thus
hij +
hi
χj
δij ≥ 0.
Step 2.
We claim
hij +
hi
χj
δij − hihj
h
≥ 0.
We use a nice trick due to Andrews [A]. Since h is homogenous of degree 1, hiχi = h.
Differentiate both sides, one gets hijχi = 0. Consequently,
(A.8) (hij +
hi
χj
δij − hihj
h
)χiχj = 0,
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i.e. χ is a null vector. In order to show hij +
hi
χj
δij − hihjh ≥ 0, one then only need to look
at a subspace transversal to the null vector χ = (χ1, · · · , χn). Naturally, we choose the
subspace defined by {ξ|hiξi = 0}. Then (hij + hiχj δij −
hihj
h )ξiξj = (hij +
hi
χj
δij)ξiξj, which
is nonnegative from step 1.
Step 3.
g(χ1, · · ·χn) = h 1k (χk1 , · · · , χkn), a simple computation shows that:
(A.9) gij +
gi
χj
δij = kh
1
k
−1(λ)λ
1− 1
k
i λ
1− 1
k
j [hij +
hi
λj
δij − k − 1
k
hihi
h
],
where χki = λi. Thus,
(A.10) hij +
hi
λj
δij − k − 1
k
hihi
h
≥ hij + hi
λj
δij − hihi
h
≥ 0,
the last inequality is due to step 2. The proof is thus completed. 
Remark A.2. It is clear from the above proof that the conclusion of Proposition holds for
g = σǫk(χ), with ǫ > 0.
APPENDIX B
In this appendix, we summarize the classical parabolic Krylov-Evans theory that are
applied in this paper. In particular, we deduce time C
α
2 estimates for ∂∂¯ϕ for (1.4). These
estimates are local in nature. This proof is essentially due to Lihe Wang [Wang2].
In the parabolic case, it is also convenient to introduce the following regularity notation.
We say ϕ = ϕ(x, t) ∈ C2,α in the parabolic sense if and only if ϕ ∈ C2,α in spatial variable
x ∈ Rn, and ϕ ∈ C1,α2 in time variable t ∈ R in the usual sense. Different regularity
is due to different scaling of spatial and time variables. We will also write C
2+α,1+α
2
x,t to
indicate regularity respectively. For a thorough exposition, we refer readers to [Wang1]
and [Wang2].
The fundamental tool to attack nonlinear parabolic equation is following:
Theorem B.1 (Krylov-Safanov). Let ϕ be a solution of
(B.1) ϕt = aij(x, t)ϕij ,
in Q1, and aij is uniform elliptic, then ϕ is in C
α
loc(Q1), i.e., ϕ is C
α in spatial and ϕ is
C
α
2 in time.
The parabolic equation we have is:
(B.2)
∂ϕ
∂t
= c+ F (∂∂¯ϕ).
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By Theorem 3.1, F is a uniform elliptic, concave operator. Taking derivative with respect
to t both sides of (B.2), one has
(B.3) ϕtt = F
ij¯(ϕt)ij¯ .
By Theorem B1, ϕt is C
α
x . Thus (B.2) can be viewed as an elliptic equation. Then by the
elliptic Krylov-Evans theory, one has spatial Cα estimate on D2xϕ. To have C
α estimate
for D2xϕ, it is sufficient to show time C
α
2 estimate. Since the problem is local in nature,
we just need to prove time C
α
2 estimate at (0, 0).
Since ϕ is C2,α in spatial, there exist two quadratic polynomials Pt(x) and P0(x) such
that
(B.4) |ϕ(x, t)− Pt| ≤ C|x|2+α, |x| ≤
√
t,
(B.5) |ϕ(x, 0) − P0| ≤ C|x|2+α, |x| ≤
√
t.
Also, since ϕt ∈ Cα
(B.6) |ϕ(x, t) − ϕ(x, 0) − tϕt(x, 0)| ≤ Ct1+
α
2 , |x| ≤
√
t.
(B.7) |ϕt(x, 0) − ϕt(0, 0)| ≤ C|x|α.
By (B.4),(B.5) and (B.6) together, we have
(B.8) |Pt(x)− P0(x)− tϕt(x, 0)| ≤ Ct1+
α
2 .
(B.8) and (B.7) imply that
(B.9) |Pt(x)− P0(x)| ≤ Ct1+
α
2 , |x| ≤
√
t.
For a quadratic polynomial, one has
(B.10) ||D2xP ||Br ≤ C
||P ||L∞(Br)
r2
.
Therefore,
(B.11) ||D2xPt −D2xP0||B√t ≤ C
||Pt − P0||L∞(B√t)
t
≤ Ctα2 .
which implies that
||D2xϕ(0, t) −D2xϕ(0, 0)|| ≤ Ct
α
2 .
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